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univ-savoie.fr (É. Oudet).We present a new limit analysis method, originated in Ionescu and Lachand-Robert (2005) and called
discontinuous velocity domain splitting method (DVDS). DVDS is a mesh free method which focuses
on the strain localization and completely neglect the bulk deformations. It considers the kinematic var-
iational principle on a special class of virtual velocity ﬁelds to get an upper bound of the limit load. To
construct this class of virtual velocity ﬁelds, the rigid-plastic body is splinted into simple connected
sub-domains and on each such sub-domain a rigid motion is associated. The discontinuous collapse ﬂow
velocity ﬁeld results in localized deformations only, located at the boundary of the sub-domains.
In the numerical applications of the DVDS method, we introduce a numerical technique based on a
level set description of the partition of the rigid-plastic body and on genetic minimization algorithms.
For the anti-plane ﬂow of a von Mises material, DVDS is exact in solving the limit analysis problem: the
collapse ﬂow is a rigid motion of a sub-domain. The associated deformation rate is localized on the
smooth boundary of the moving sub-domain representing the fracture surface.
In the case of in-plane deformation of pressure insensitive materials, the internal boundaries of the
sub-domains are parts of circles or straight lines, tangent to the collapse velocity jumps. In this case,
DVDS reduces to the block decomposition method, which was intensively used to get analytical upper
bounds of the limit loads. When applied to the two notched tensile problem of a von Mises material,
DVDS gives excellent results with a low computational cost.
Furthermore, DVDS was applied to model collapse in pressure sensitive plastic materials. Illustrative
examples for homogenous and heterogeneous Coulomb and Cam-Clay materials shows that DVDS gives
excellent prediction of limit loads and on the collapse ﬂow.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
Limit analysis is the simplest approach for modeling the inelas-
tic response of structures. It is based on a very idealized represen-
tation of a rigid, perfectly plastic material subjected to slowly
increasing loads. It involves only the material plastic properties
and the geometry of the associated boundary value problem. The
main problem in limit analysis is to ﬁnd the maximum multiple
of the force distribution that the solid can withstand without col-
lapsing and the collapse ﬂow ﬁeld. In many applications, the
strains are localized on some surfaces where velocity ﬁeld of the
collapse ﬂow exhibits discontinuities. That is why, from both
mathematical and numerical points of view, limit analysis was
and remains a difﬁcult problem.
The numerical solutions methods in limit analysis are based on
the discretization of the kinematic or static variational principles
(established in Drucker et al. (1952)) using the ﬁnite elementll rights reserved.
33149403938.
. Ionescu), edouard.oudet@method technics and on the convex and linear programming. The
ﬁrst results were obtained in Argyris (1967), Hayes and Marcal
(1964) and Hodge and Belytschko (1968), while the literature on
FE to limit analysis is very extensive (see for instance, Andersen
et al., 1998; Christiansen, 1996; Christiansen and Andersen, 1999;
Krabbenhoft et al., 2005; Nagtegaal et al., 1974; Tin-Loi and Ngo,
2003). Despite great progress in the last decades (X-FEM, re-mesh-
ing techniques, etc.), the ﬁnite element method remains associated
to continuos ﬁelds and it is not so well adapted for modeling strain
localization and velocities discontinuities on unknown surfaces.
The discontinuous velocity domain splitting (DVDS) method,
presented here, is a mesh free method which does not use a ﬁnite
element discretization of the solid. DVDS focuses on the strain
localization and completely neglect the bulk deformations. The
main idea is to consider the kinematic variational principle on a
special class of virtual velocity ﬁelds to get an upper bound of
the limit load. To construct this class of virtual velocity ﬁelds, the
rigid-plastic body is splinted into simple connected sub-domains
and on each such sub-domain is associated a rigid motion. The
limit load problem is thus reduced to the minimization of a mesh
free functional (plastic dissipation power) depending on the
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tinuous, is associated to a domain partition and a set of rigid mo-
tions. It has localized deformations only, located at the boundary
of the sub-domains.
The mathematical foundation of the DVDS method originates in
Ionescu and Lachand-Robert (2005) (see also Hassani et al., 2005).
For the anti-plane ﬂow of a von Mises material, Ionescu and Lac-
hand-Robert (2005) have proved that the discontinuous velocity
domain splitting method for one sub-domain is exact in solving
the limit analysis problem. This means that the solution (the col-
lapse ﬂow), or more exactly one of the solutions, of the limit load
problem is a rigid motion of a sub-domain. The associated defor-
mation rate of the collapse ﬂow is localized on the (ductile) frac-
ture surface, which is the boundary of the moving sub-domain.
Moreover, Ionescu and Lachand-Robert (2005) have proved that
the fracture surface is very smooth (C2) in the interior of the solid.
The rupture surface crosses tangentially the boundary where the
velocity is imposed and crosses orthogonally the boundary where
the loads are imposed.
In the in-plane deformation limit load problems associated to
pressure insensitive plasticity, DVDS method has a very simple for-
mulation. This is due to the incompressibility of the plastic ﬂow
which imposes that the internal boundaries of the sub-domains
are parts of circles or straight lines tangent to the collapse velocity
jumps. Since this fact considerably reduces the computational ef-
fort, the method, called block decomposition method or rigid block
mechanism (RBM), was intensively used many years ago in the
analytical developments of the limit loads problems (see for in-
stance, Hill, 1950; Kachanov, 1971; Salencon, 1983, 1994, 1997;
Halpern and Salencon, 1987). Conceptually, DVDS and RBM have
the same basis but we believe that they are different methods.
The main difference between DVDS and RBM is that DVDS is look-
ing for an optimum domain partition which can have arbitrary
sub-domain shapes, while RBM uses only straight blocks. Even
for the anti-plane ﬂow of von Mises materials the fractures have
arbitrary shapes (see examples of Section 5) and RBM cannot be
applied, while DVDS does. For pressure sensitive plasticity models,
the fracture interfaces have not simple shapes (see Section 7) and
DVDS is not reducing to the classical RBM. For limit load problems
with trivial geometry, homogeneous material and simple loading
conditions RBM could provide accurate solutions, but it cannot
be used in other cases. The level set method, involving Fourier’s
series, used for DVDS does not depend on the domain geometry
and on the loading. That is why, DVDS can be used for an arbitrary
geometry and complex loadings involving heterogeneous materials
(see example 2 of Section 7).
Concerning the numerical approaches to be used in conjunction
with DVDS, the main difﬁculty is to ﬁnd a mesh free method to de-
scribe a domain partition and then to develop a numerical method
to minimize the partition dependent plastic dissipation power.
Even if some results have been obtained recently (see Bourdin
et al., 2009) the ‘‘partition optimization” problem is a new chal-
lenge and the results obtained are not yet relevant. The main focus
of this work is not on the computational aspects but rather on fur-
ther theoretical developments based on partition optimization
techniques. Our goal is to apply DVDS to a range of problems
involving pressure sensitive and pressure insensitive materials.
The numerical techniques are based on a level set description of
the partition and on genetic minimization algorithms.
The theoretical developments of DVDS, presented here, concern
3-D problems but the numerical techniques were developed only
in 2-D. The main difﬁculty is related to the numerical description
of a partition in 3-D. In all the examples we have testes the numer-
ical approach associated to DVDS appears to be robust. Concerning
efﬁciency, the comparison of the DVDS with others (ﬁnite element)
methods is not simple. DVDS, which is a mesh free method, has avery low memory cost but it uses genetic algorithms which need
more computational time. If parallel computing techniques are
used then the computational time is drastically reduced and DVDS
becomes an efﬁcient method.
The limit load problems are sometimes involved in the homog-
enization techniques used to deduce the macroscopic plastic prop-
erties of heterogeneous materials. Since the heterogeneity is
captured in DVDS through the (analytical) expression of the plastic
potential (see example 2 of Section 7) the computational effort of
DVDS is almost the same for homogenous and heterogeneous
materials. This is not the case when one uses a ﬁnite element ap-
proach. Indeed, the FE mesh has to be ﬁne enough to capture the
spatial distribution of the each heterogeneity, which will result
in an important computational cost.
2. Problem statement
Let D  R3, be the domain occupied by a rigid-plastic body. Its
boundary C ¼ oD will be divided into two parts CS and CV, where
the stresses and the velocities will be imposed, respectively. Let de-
note by r : D!S (here S stands for the symmetric second order
tensors), the Cauchy stress tensor which is in equilibrium under
the body forces b and the applied forces f,
divrþ b ¼ 0 in D; rn ¼ f on CS; ð1Þ
where n is the outward unit normal on C.
At each point x 2 D, we consider the admissible set of stresses
K = K(x) which will be supposed to be a convex and closed subset
ofSwith 0 2 K. This set could be expressed though an yield poten-
tial F : DS! R and an yield limit j:
KðxÞ ¼ fs 2S; Fðx; sÞ 6 jðxÞg: ð2Þ
The rigid-plastic constitutive equation (ﬂow rule) relates the
rate of deformation tensor D ¼ DðvÞ ¼ ð$v þ $tvÞ=2, (v : D! R3
is the velocity ﬁeld) to the stress tensor r through
rðxÞ 2 KðxÞ; DðvÞðxÞ : ðs rðxÞÞ 6 0; for all s 2 KðxÞ: ð3Þ
To complete the statement of the boundary value problem for a ri-
gid-plastic solid, we have to impose a velocity boundary condition
an CV. For the sake of simplicity we consider here only vanishing
velocities:
v ¼ 0 on CV : ð4Þ
The ﬂow rule (3) can be represented in a more compact way
using the indicator function U(x, ) of the convex K(x)
Uðx; sÞ ¼ 0; if s 2 KðxÞ;þ1; if s R KðxÞ;

as follows:
DðvÞðxÞ 2 oUðx; rðxÞÞ in D; ð5Þ
where o is the subgradient of U with respect to the second variable.
If the convex K(x) is given by (2) then the ﬂow rule can be written in
a more classical way using the plastic multiplier _KP 0
Fðx; rðxÞÞ 6 jðxÞ; DðvÞðxÞ 2 _KoFðx;rðxÞÞ;
_KðFðx;rðxÞ  jðxÞÞÞ ¼ 0: ð6Þ
Note that if F is a smooth potential then the subgradient oF of Fwith
respect to the second variable is single valued and coincides with
the gradient, i.e. oF(x,r) = {rF(x,r)}.
The dual formulation of the ﬂow rule (3) relates the stress ten-
sor r to the rate of deformation D through:
rðxÞ 2 oUðx;DðvÞðxÞÞ in D; ð7Þ
using the strain rate potential U* which is the conjugate of the indi-
cator function U (i.e. U*(x,D) = sups2K(x)s:D). The density of the
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and it is vanishing in D = 0 (U*(x,D)P 0,U*(x,0) = 0). Note that U*
may take the value +1 for some D, which means that (7) may con-
tain some constraints on the rate of deformation ﬁeld, i.e.
DðvÞðxÞ 2 CðxÞ, where C is the set of second order tensors when
U* is ﬁnite:
CðxÞ ¼: fA 2S;Uðx;AÞ < þ1g: ð8Þ
For the von Mises yield potential F(x,s) = js0j (here s0 denotes the
deviator s traceðsÞ3 I) with a non-homogeneous yield limit jðxÞ ¼ﬃﬃﬃ
2
p
s0ðxÞ (s0 ¼ r0=
ﬃﬃﬃ
3
p
is the shear strength and r0 is the yield stress
in simple tension), the kinematic constraints are C ¼ fD 2S;
trðDÞ ¼ 0g and the expression of the plastic dissipation power reads
Uðx;DÞ ¼
ﬃﬃﬃ
2
p
s0ðxÞjDj; if trðDÞ ¼ 0;
þ1; if trðDÞ– 0:
(
ð9Þ
The kinematic variational formulation of the rigid-plastic problem
can be written as
v 2Vad; PðuÞ PðvÞP Pðu vÞ; for all u 2Vad; ð10Þ
whereVad ¼ u : D! R3;DðuÞ 2 C;u ¼ 0 on CV
 
is the set of kine-
matic admissible velocities which includes the vanishing velocities
onCV,P is the plastic dissipation power and P is the power of exter-
nal loads:
PðuÞ ¼:
Z
D
UðDðuÞÞdx; PðuÞ ¼:
Z
D
b  udxþ
Z
CS
f  udC: ð11Þ
Note that the above formula of the plastic dissipation power is valid
only for smooth velocity ﬁelds. For non-smooth velocities the gradi-
ent operator involved in the deﬁnition of the rate of deformation
tensor has to be understood in the sense of distributions. As it fol-
lows from Moreau (1976) the strain rate D(u) is a bounded measure
and the associated functional space is the space of bounded defor-
mations BDðDÞ which were introduced and discussed in Matthies
et al. (1979), Suquet (1979), Temam (1983) and Temam and Strang
(1980). If the velocity ﬁeld u has a discontinuity located on the sur-
face R = Ru (see Fig. 1), but u is smooth in D n R then D(u) is a
bounded measure on this surface given by
EðuÞ ¼: 1
2
½u  nþ n ½uð Þ; ð12Þ
where [u] ¼: u+  u is the jump of u over R and n is the unit nor-
mal directed from the side-to the + side of R. In order to handle the
velocity boundary conditions on CV for non-smooth velocity ﬁelds,
we let R to be located everywhere in D [ CV . For the common parts
ofRwithCV, the jump of u in (12), has to include the boundary con-
dition u = 0 on CV. For instance, if n is the outward unit normal at
CV then [u] = 0  u, where u is the trace of u from the interior
of D. Note that the velocity boundary condition v = 0onCV is nowFig. 1. The surface R of the velocity ﬁeld discontinuity.seen as a discontinuity and it is integrated into a jump condition
on CV. To point out this fact we shall denote, in what follows, by
CV and C
þ
V the internal and the external parts of the boundary CV.
With this speciﬁc notations for discontinuous velocity ﬁelds,
the expression of the plastic power P has to be modiﬁed as
follows:
PðuÞ ¼
Z
DnRu
UðDðuÞÞdxþ
Z
Ru
UðEðuÞÞ dR; ð13Þ
but the variational formulation (10) still holds with
Vad ¼ u : D! R3;u ¼ 0 on CþV ; DðuÞ 2 C in D;

EðuÞ 2 C on Rug:
For the von Mises plasticity the strain rate potential over a discon-
tinuity surface reads
Uðx;EðuÞÞ ¼ s0ðxÞj½uj; if ½u  n ¼ 0;þ1; if ½u  n – 0;

ð14Þ
In the following, we shall split the linear form P of the power of
external forces into two parts: a ﬁxed one F and a loaded one L,
as follows:
PðuÞ ¼:FðuÞ þ tLðuÞ; ð15Þ
for all u 2Vad, where t is a loading non-dimensional parameter. For
instance, one such of decomposition of the power of external forces
could be FðuÞ ¼ R
D
b  udx and LðuÞ ¼ RCS f 0  udC, with f = tf0. In
what follows we will also assume that the structure D can sustain
the ﬁxed force F, i.e.
PðuÞPFðuÞ; for all u 2Vad: ð16Þ
The limit analysis problem consists in ﬁnding the greatest loading
parameter t for which the rigid-plastic structure D can stand the
load Fþ tL (i.e. v 	 0 is a solution of (10)). Thus we have to com-
pute k, called the safety factor or the limit load:
k ¼: inf
LðuÞ¼1
PðuÞ FðuÞ: ð17Þ
For t > k, the collapse of the structure is expected.
3. Discontinuous velocity domain splitting method
In this section, we introduce the discontinuous velocity domain
splitting (DVDS) method to solve the limit analysis problem (17).
This method considers a special class of virtual velocity ﬁelds
VN Vad, constructed as follows. Let N + 1P 2 be the number of
splitting sub-domains and let us consider P a partition of D into
N + 1 disjoint simple connected sub-domains x1;x2; . . . ;xN  D,
andxNþ1 ¼ X n
SN
i¼1 xi with xi \xj = ; for i– j (see Fig. 2). To each
sub-domain xi, for i = 1, . . .,N, we associate a rigid motion
ri 2 R ¼: fr : R3 ! R3; rðxÞ ¼ aþ c ^ x; a; c 2 R3g while xN+1 is
supposed to be at rest, i.e. we construct a discontinuous velocity
ﬁeld u : D! R3
uðxÞ ¼
XN
i¼1
riðxÞ1xi ðxÞ; ð18Þ
where 1x is the characteristic function of the sub-domain x
1xðxÞ ¼
1; if x 2 x;
0; if x R x:

The set of domain splitting discontinuous velocitiesVN contains all
the velocity ﬁelds u constructed as above which satisfy the kine-
matic constraints DðuÞ 2 C. Each u 2VN is associated to a partition
P of X and to N rigid motions (belonging to the 6N dimensional
space RN).
Fig. 2. Illustration of the domain splitting and associate rigid motions of the
collapse ﬂow.
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the power of external forces P on the set VN . For that let P be a
partition of D into the sub-domains x1,x2, . . .,xN, and let
r1, . . .,rN be the rigid motions. The power of external forces
becomes
PðuÞ ¼
XN
i¼1
Z
xi
b  ri dxþ
Z
CS\oxi
f  ri dC
( )
; ð19Þ
with u given by (18). Let R1, . . .,RI be the common boundaries be-
tween sub-domains, i.e. Rl = oxi \ oxj, and let RI+1, . . .,RM be the
parts of the boundaries of the sub-domains which intersects CV,
i.e. Rm = oxk \ CV. The velocity ﬁeld u is smooth in D n
SM
i¼1Ri, but
could have discontinuities located on the surfaces Ri. Since
D(ri) = 0, from (13) we obtain the expressions of the plastic power
PðuÞ ¼
XM
i¼1
Z
Ri
UðEðuÞÞ dR: ð20Þ
We can formulate now the limit problem (17) on the set of domain
splitting discontinuous velocities VN:
kN ¼ infu2VN ;LðuÞ¼1
XM
i¼1
Z
Ri
UðEðuÞÞ dRFðuÞP k: ð21Þ
Note that this gives an upper bound for the limit load k. In contrast
with (17), which involves the minimization on the set of functions
deﬁned on D, problem (21) is associated to the minimization of the
functional JN , depending on P, the N-partition of D:
JNðPÞ ¼: min
r1 ;...;rN2RN ;LðuÞ¼1
XM
i¼1
Z
Ri
UðEðuÞÞ dRFðuÞ;
with u given by (18).
If N = 1 then there exists a particular partition of
D : x1 ¼ D;x2 ¼ ; which gives an upper bound, denoted by k0,
which is easy to compute
k0 ¼ minr2R;LðrÞ¼1
Z
CV
UðEðr1DÞÞdCFðr1DÞP k1: ð22Þ
Moreover, for N = 1 any partition P of D is generated by a single
subdomain x (i.e. x1 ¼ x; x2 ¼ D n x) and the functional J1 is a
function of the ‘‘shape” x and r. That is why the associated mini-
mum problem
k1 ¼ infxDJ1ðxÞ;
J1ðxÞ ¼: min
r2R;Lðr1xÞ¼1
Z
oxnCS
UðEðr1xÞÞdCFðr1xÞ ð23Þ
is called a ‘‘shape optimization” problem.4. DVDS numerical approach
In this section, we address the problem of the numerical mini-
mization of the functional JN , which depends on partitions of the
rigid-plastic body D. Since we would like to reduce the number of
parameters in the optimization process, the main numerical difﬁ-
culty of this problem is to ﬁnd a mesh free method to describe a
domain partition and then to develop a numerical method for
the minimization of the partition dependent functional JN , that
avoids, as much as possible, local minima. Even if some results
on optimal partition have already been obtained (see for instance,
Bourdin et al., 2009) for certain functionals efﬁcient algorithms
need to be formulated for general functionals. It is beyond the
scope of the present paper to develop a partition optimization
technique computationally competitive. To illustrate the advanta-
ges of the DVDS method in this paper we present a numerical strat-
egy which makes use of level sets for the parameterization of
partitions and of genetic algorithms for the optimization problem.
To ﬁx the ideas, we consider here only the simplest case, N = 1,
i.e. the functional J1 has to be minimized with respect to one do-
main x with p connected sub-domains x1, . . .,xp and associated
vector ﬁelds r1, . . .,rp. Since the topology of the optimal sets is un-
known, a classical boundary variation optimization is not applica-
ble here. To tackle this difﬁculty, we propose an optimization
procedure based on standard genetic algorithm techniques (see
Pardalos and Edwin Romeijn, 2002, for details on stochastic opti-
mization methods). Thus, the main features of our approach are
the parameterization of domains and the cost evaluation. Finally,
the proposed algorithm consists in the following principal ingredi-
ents: description of the set with a small number of parameters,
description of the vector ﬁeld, reconstruction of the topology of
the set and the computation of the cost function.
The parameterization of the level set function, which describe
the partition, is based on Fourier’s series. To illustrate this ap-
proach let consider the in-plane case D ¼ X R with X  [0,1] 
[0,1]. Let (am,n)  [0,1] be a family of parameters. Then, consider
the function / deﬁned on [0,1]  [0,1] by
/ ¼
X
m;n
am;n sinðpnx1Þ cosðpmx2Þ:
By the deﬁnition of /,max/ is strictly positive. We associate to the
set of parameters (am,n) the set
x ¼ xðam;nÞ ¼: ðx1; x2Þ 2 ½0;1  ½0;1; f ðx1; x2Þ 6 max/2
 
\X:
By classical linear interpolation techniques, it is straightforward to
get a complete polygonal approximation of the boundary of x. No-
tice that the boundary of x is by construction (for almost every
family of parameters) a union of no overlapping simple closed
curves. We present in Fig. 3 two random sets x obtained with a
family of 30 parameters for the shape.
Now, we still have to parametrize the space of admissible vector
ﬁelds. In this context, we simply add parameters to describe a rigid
displacement on every connected component ofX (more precisely,
a translation vector and a rotation angle for each connected com-
ponent). With this information, we can proceed to the computation
of our cost function. Notice that in our particular situation, we can
avoid the time consuming step of generating a mesh of the interior
ofX: all the integrals that have to be computed can be transformed
into boundary integrals by Green’s formula.5. Anti-plane ﬂow: mathematical foundations of DVDS
We show in this section that, for the anti-plane ﬂow, DVDS is
exact in solving the limit analysis problem. This mathematical re-
b 
b 
b b 
x3
x2
x1
x1
x2
X 
R 
L1-L1
L2
-L2
Fig. 4. Left: a homogeneous cylinder with a rectangular section under the loading of
its own weight. Right: the analytical fracture surface obtained with DVDS for N = 1
as the boundary of the optimal set X.
Fig. 3. Examples of sets x obtained with a family of 30 shape parameters for
X = [0,1]  [0,1].
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sani et al., 2005), proves that the collapse ﬂow is a rigid motion of a
sub-domain. The associated deformation rate is localized on the
smooth boundary of the moving sub-domain, representing the
fracture surface.
Let consider the anti-plane ﬂow of a von Mises material with a
strain rate potential given by (9) and (14). Let D ¼ X R, where X
is a domain in R2, with a smooth boundary oX divided into two
parts C0, C1 such that CV ¼ C0  R; CS ¼ C1  R. Flow is on Ox3
direction, i.e. v = (0,0,v), with v = v(x1,x2), which does not depend
on x3, so that the incompressibility condition div v=trace(D(v)) = 0
is satisﬁed for all v. Since the non-vanishing components of the rate
deformation tensor D(u) are D13 ¼ D31 ¼ ox1u=2; D23 ¼ D32 ¼
ox2u=2, (17) can be written as follows:
k ¼ inf
u2W;lðuÞ¼1
pðuÞ; pðuÞ :¼
Z
X
s0ðxÞdjrujðxÞ þ
Z
C0
s0ðxÞjujdR;
ð24Þ
where tb0 denotes the component of the forces b = tb0 in the Ox3
direction and lðuÞ :¼ RX b0ðxÞuðxÞdx. Here the loading is done
through the volumetric forces, i.e. f = 0 and F ¼ 0; L ¼ P. The
appropriate functional frame work for (24) is given by the space
W :¼ BV(X) of bounded variation which permits also to relax the
boundary condition v = 0 on C0 (see the second section for a general
discussion).
We suppose in the following that s0 and b are continuous func-
tions on X. Then, there exists v* 2W a minimizer for problem (24)
(see Ionescu and Lachand-Robert, 2005). Let us see now how the
discontinuous velocity domain splitting method works in the
anti-plane conﬁguration in the case of two sub-domains. We will
see later that the case N = 1 completely solves the problem and
we do not need a more complicate partition. Since the space of ri-
gid motions R reduces in the anti-plane conﬁguration to the con-
stant scalar r the functional J1ðxÞ is given by
k1 ¼: infxXJ1ðxÞP k; J1ðxÞ ¼
1
j Rx b0ðxÞdxj
Z
oxnC1
s0ðxÞdS:
ð25Þ
We recall now from Ionescu and Lachand-Robert (2005), this sur-
prising mathematical result which proves that in the anti-plane
conﬁguration, the upper bound k1 is exactly the limit load k:
k1 ¼ k: ð26Þ
That means that the discontinuous velocity domain splitting meth-
od for N = 1 is exact in solving the limit analysis problem (24).
Hence problem (24) can be reduced to a shape optimization prob-
lem (i.e. a minimum problem for J1). Moreover, if X is simply con-
nected then the minimum in (25) is attained by some simply
connected open set X X, i.e.k ¼ k1 ¼ J1ðXÞ ¼minxX J1ðxÞ; ð27Þ
and the fracture surface is R = oXnC1, the part of the boundary of X
which is not included in the stress prescribed boundary C1. Addi-
tionally, it is proved in Ionescu and Lachand-Robert (2005) that
the fracture surface R is very smooth (C2) in the interior of X. If R
crosses C0 then R is tangent to C0 and if R crosses C1 then R is
orthogonal to C1.
To illustrate the above mathematical results, we consider an
homogeneous (s0(x1,x2) = s0) cylinder with a rectangular section
X = (L1,L1)  (L2,L2) under the loading of its own weight
b0(x1,x2) = c, which is ﬁxed on its boundary (C0 = oX,C1 = ;) (see
Fig. 4 left). As it follows from Ionescu and Lachand-Robert
(2005), the minimizer X is a ‘‘rounded rectangle” (see Fig. 4 right),
and the limit load is given by
k ¼ k1 ¼
s0ð4 pÞ
2cðL1 þ L2 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðL1  L2Þ2 þ pL1L2
q
Þ
: ð28Þ
The ductile fracture surface, which is the boundary of the ‘‘optimal
shape” X, is a quart of a circle of rayon R ¼ 2 L1þL2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
L1L2ð Þ2þpL1L2
p 
4p in
each corner of the rectangle. Note that the fracture surface has a
common part with the boundary C0, where the velocity is vanish-
ing, i.e. the ‘‘classical” boundary condition is not satisﬁed.
If the material is not homogeneous then we cannot obtain any-
more a analytical fracture surface, even for very simple geometries
ofX, and we have to compute the shape of the minimizer X. For in-
stance, for a square section X = (1,1)  (1,1) with C1 = {x2 = 1},
C0 = oXnC1 (see Fig. 5 left), and a non-homogeneous material
b0(x1,x2) = 3 + 2(1  x2), s0(x1,x2) = 2 + 2(1  x2)2 the computed
fracture is represented Fig. 5 (right) as the boundary of the optimal
set X. As in the previous example the fracture crosses the domain
boundary C0, where the velocity is vanishing. As predicted by
the mathematical result, the fracture is tangent to C0.
To see the connection with some classical mathematical results
we take b0 	 s0 	 1 and C1 = ;, butXwith an arbitrary shape. Then
the minimum k in (24) is the eigenvalue b1(X) of the so-called 1-
Laplacian operator (see Demengel, 2002a,b; Kawohl and Fridman,
2003) while in the shape optimization problem (25) the minimum
will depend only on X, i.e. k = k(X) is given by:
kðXÞ ¼ J1ðXÞ ¼minxX J1ðxÞ; J1ðxÞ ¼:
perimeterðoxÞ
areaðxÞ : ð29Þ
The limit load k(X), called in this case the Cheeger constant, turns
out to give an important geometric characterization of the domain
X. The well-known Cheeger’s inequality (see Cheeger, 1970),
b 
b 
b b 
x3
x2
x1
x1
x2
X 
Fig. 5. Left: a non-homogeneous cylinder with a rectangular section under the
loading of its own weight. Right: the computed fracture surface obtained with
DVDS for N = 1 as the boundary of the optimal set X.
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k2ðXÞ
4
;
which was the initial motivation for the study of the Cheeger’s
problem, relates the minimum k(X) of the ratio between perimeter
and area of a sub-domain to the principal frequency b2(X) (the Ra-
leigh ratio or the ﬁrst eigenvalue of the Laplacian operator r2). The
ﬁrst result concerning the existence of a minimizer X was obtained
many years ago in Mosolov and Miasnikov (1965) to characterize
the onset of the ﬂow for the Bingham ﬂuid.
6. In-plane deformation of pressure insensitive materials
We shall analyze in this section the predictive capabilities of the
DVDS method in the case when the plastic potential F depends on
the stress tensor r through its deviator r0 = r  trace(r)/3I, i.e.
F = F(r0). If the intersection K0 of the convex admissible set of stres-
ses with the deviatoric plane {s; trace(s) = 0} is a bounded set then
the set C of admissible rate of deformations, deﬁned by (8), is given
by CðxÞ ¼ fD 2S; traceðDÞ ¼ 0g. This means that the set of kine-
matic admissible velocitiesVad contains the divergence free condi-
tion div(u) = 0. To examine the restriction related to this constraint
letP be a partition ofD into the sub-domainsx1,x2, . . .,xN and let
u be given by (18), with r1; . . . ; rN 2 R. If Rl is the common bound-
ary between sub-domains xi and xj, i.e. Rl = oxi \ oxj, then the
divergence free condition reads
ðri  rjÞ  n ¼ 0 on Rl:
This condition has an important implication on the shape of the
internal boundaries R1, . . .,RI. In each point of Rl the tangent planeFig. 6. Left: the geometry and loading of the two notched problem. Middle and right: th
(middle) and d ¼ 23 (right).ought to be parallel to the rigid motion ri  rj. That means that all
internal boundaries of the sub-domains have speciﬁc shapes: they are
parts of spheres, planes, cylinders, etc.
If an in-plane strain conﬁguration is considered then the internal
boundaries of the sub-domains are parts of circles or straight lines.
From numerical and analytical points of view this simpliﬁes a lot
the class of the sub-domains to be considered, and reduces signif-
icantly the computational effort. In the case of in-plane deforma-
tion of pressure insensitive materials, DVDS is an old method. It
is called the block decomposition method and it was intensively
used many years ago in the analytical developments of the limit
loads problems (see for instance, Hill, 1950; Kachanov, 1971;
Salencon, 1983, 1994, 1997; Halpern and Salencon, 1987).
We examine here how DVDS method works for the in-plane
deformation of a Von-Mises material (the plastic dissipation power
given by (9)). Let D ¼ X R, where X is a bounded domain in R2
with a smooth boundary oX divided into parts C0, C1 such that
CV ¼ C0  R; CS ¼ C1  R. We consider that the ﬂow takes place
in the plane Ox1x2 with v3 = 0, i.e. v : X! R2. Let see how DVDS
works for N = 1, i.e. for the decomposition into two sub-domains.
In this case, the sub-domain x X and the rigid motion
r 2 R2 ¼: r : R2 ! R2; rðxÞ ¼ aþ hðx2;x1Þ; a 2 R2; h 2 R
 
have
to be correlated through r  n ¼ 0 on ox \D. This means that x
is completely determined by one point A 2X and by r 2 R2, that
is why it will be denoted by xA,r. Indeed, xA,r is the intersection
with X of a disc or of a half-plane which has the boundary passing
by A and which has the tangent plane parallel to the rigid motion r.
With this notations the upper bound k1, deﬁned through (23), be-
comes now the solution of minimum problem over subset (A 2X,
and r 2 R2) of a ﬁve dimensional space R2 R2.
The DVDS (or RBM) method was used to obtain analytical upper
of the limit load and the corresponding collapse ﬂows for many in-
plane conﬁgurations. However, we apply here the DVDS method to
compute the limit load of the two notched tensile problem, which
was studied only numerically. The two notched tensile problem is
a popular benchmark test used for rigid-plastic and elasto-plastic
analysis which was introduced by Nagtegaal et al. (1974) to illus-
trate locking. The structure depicted in Fig. 6 consists of a rectan-
gular specimen with two thin notches under an in-plane tensile
load s0. Using the above notations we put C0 = ;, C1 = oX and
f0 = (0,s0) on the right side, f0 = (0,s0) on the left side. The body
forces are vanishing (b = 0) and the loading process concerns the
applied forces f = tf0, which means that F ¼ 0; LðuÞ ¼
R
C1
f 0
udC; PðuÞ ¼ tLðuÞ. We considered three cases for three different
values of d = 1/3,1/2,2/3. By taking these values of f, the limit load
k depends only on the geometry of the domainX, i.e. only on d. The
‘‘reference” values of are those provided by Christiansen and
Andersen (1999), considered widely to be extremely accurate
(see Table 1). The computed limit load upper bound k1 obtainede fracture obtained with DVDS for N = 1 and the associated collapse ﬂow r for d ¼ 13
Table 1
The computed limit load k of the two notched problem for different d.
k d ¼ 13 d ¼ 12 d ¼ 23
Christiansen and Andersen (1999) 0.928 1.136 1.388
Tin-Loi and Ngo (2003) 0.947 1.166 1.434
DVDS 0.930 1.136 1.386
Table 2
The computed upper bound of the limit load k of the slope problem for different
angles h.
k h = 90 h = 80 h = 70
Chen and Liu (1990) 5.50 6.75 8.30
Krabbenhoft et al. (2005) 5.67 6.89 8.44
DVDS 5.50 6.78 8.48
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responding fracture conﬁgurations are plotted in Fig. 6.
These results, obtained without any ﬁnite element discretiza-
tion, hence with a very low computational cost, are very close to
‘‘reference” ones. Moreover, the DVDS results are more accurate
than those obtained by Tin-Loi and Ngo (2003) using a p-version
ﬁnite element method (p = 15) (see Table 1).
Notice that the two notched problem has many solutions with
many possible fracture lines. Some of them are not symmetric with
respect to symmetry axis of the problem. For instance DVDS (or
RBM) ﬁnds a fracture line which crosses the horizontal line of sym-
metry. To reduce the computational effort the FE methods impose
a given geometric symmetry by considering only the upper right
quarter. Since DVDS computational effort does not depend on the
domain area we have done the computations on the whole domain.
The FE solution is very similar with the DVDS solution if the DVDS
slip line is reﬂected at the cross point with the horizontal line.7. Pressure sensitive yield criteria
We now analyse some classical soil stability problems to dem-
onstrate the accuracy and efﬁciency of the DVDS method for yield
criteria which depends on the mean stress (or pressure). First we
consider the classical slope stability problem in the case when
the material obeys Mohr–Coulomb yield potential. The yield po-
tential is expressed as:
FðrÞ ¼ max
i;j¼1;2;3
rið1þ sinðuÞÞ  rjð1 sinðuÞÞ  2C cosðuÞ
 
;
where ri are the principal stresses, C is the cohesion and u is the
friction angle. For this yield surface the kinematic constrains are
C ¼ fD 2S; traceðDÞP ðjD1j þ jD2j þ jD3jÞ sinðuÞg and the expres-
sion of the plastic dissipation power reads (see for instance, Salen-
con, 1997)
UðDÞ ¼
C
tanðuÞ traceðDÞ if trðDÞP ðjD1j þ jD2j þ jD3jÞ sinðuÞ;
þ1; if trðDÞ < ðjD1j þ jD2j þ jD3jÞ sinðuÞ;
(
ð30Þ
where Di are the principal strain rates; on the rupture interface we
haveFig. 7. The fracture obtained with DVDS for N = 1 and the associated collapse ﬂow r for th
Right: h = 70.UðEðuÞÞ ¼
C
tanðuÞ ½u  n if ½u  nP j½uj sinðuÞ;
þ1; if ½u  n < j½uj sinðuÞ
(
ð31Þ
For the decomposition into two sub-domains (N = 1) the functional
J1 from (23) becomes
J1ðxÞ ¼: min
r2R;rn6jrj sinðuÞ;Lðr1xÞ¼1
Z
oxnCS
 C
tanðuÞ r  ndCFðr1xÞ:
ð32Þ
Let D ¼ X R with oX divided into parts C0, C1 corresponding
to CV ¼ C0  R; CS ¼ C1  R. The ﬂow is in the plane Ox1x2, i.e.
v3 = 0 and v : X! R2.
The slopeX is of height H and angle h (see Fig. 7). The soil in the
slope is in contact with a rigid foundation C0 while the other part
of the boundary is stress free. The ﬂow of the soil in the slope is
gravity driven, i.e. b = tb0 with b0 = (0,c) which means that
F 	 0 and LðuÞ ¼ c RX u2 dx. Notice that the limit load k depends
only on the slope geometry, given by the angle h, and the factor CcH.
In all the computations we have normalized the factor CcH (set it to
unity) and set the friction angle u = 20.
The ‘‘reference” values of correspond to the analytical upper
bound solution of Chen and Liu (1990) (see Table 2). The computed
limit load upper bound k1 obtained with the DVDS method for
N = 1 are given in Table 2 and the corresponding fracture conﬁgu-
rations are plotted in Fig. 7 for three slope conﬁgurations. Remark
the good agreement with the analytical results, the accuracy of
DVDS being less than 1%. For comparison, the DVDS accuracy is
better, for the ﬁrst two angles, than the method developed by
Krabbenhoft et al. (2005) using a low-order discontinuous ﬁnite
elements technique (see Table 2).
The second example wants to point out how DVDS works for
heterogeneous materials. For that we consider the same Mohr–
Coulomb material in an uni-axial experiment. In Fig. 8 left we have
plotted the fracture obtained with DVDS for N = 1 and the associ-
ated collapse ﬂow r in the case of a homogeneous material. We re-
mark that in this case the DVDS gives exactly the same fracture
angle a = p/4 + //2 = 55 as the RBM method. We consider now
two types of heterogeneity. First, we consider the presence of some
voids (white spots in Fig. 8 middle). To model that in the DVDS
context is sufﬁcient to consider that the cohesion C = C(x,y) in-
volved in (32) is vanishing on the voids. The fracture, computed
with DVDS and plotted in Fig. 8 middle, is almost a straight linee slope stability problem of a Mohr–Coulomb material. Left: h = 90. Middle: h = 80.
Fig. 8. The fracture obtained with DVDS for N = 1 and the associated collapse ﬂow r for the uni-axial test of a Mohr–Coulomb material. Left: homogeneous (grey). Middle:
voids (white) heterogeneity. Right: rigid grains (black) heterogeneity.
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voids distribution on the specimen. The same number of voids (i.e.
with the same porosity) but with a different distribution will give a
different fracture surfaces and different limit loads. The second
heterogeneity concerns rigid grains (black spots in Fig. 8 right),
which is included in the DVDS modeling through the cohesion (in-
volved in (32)) by considering C = +1 on the rigid grains. The frac-
ture, computed with DVDS and plotted in Fig. 8 right, is not
anymore a straight line.
Let us notice that the heterogeneity is involved in DVDS through
the analytical expression of the plastic potential (spatial distribu-
tion of the cohesion in the present case). That means that the com-
putational effort of DVDS is almost the same in the homogenous
and heterogeneous cases. This is not the case when one uses a
ﬁnite element approach. Indeed, the FE mesh has to be ﬁne enough
to capture the spatial distribution of the each heterogeneity, which
will result in an important computational cost.
In the third example, we wanted to test how DVDS works for a
plastic potential which does not involve any kinematic constrains.
For that we have considered the modiﬁed Cam-Clay model, devel-
oped by Roscoe and Burland (1968). Since the hardening effects of
the modiﬁed Cam-Clay model cannot be captured in a limit load
analysis framework, we shall use here, for illustration purposes,
only a ﬁxed yield potential.
The modiﬁed Cam-Clay yield function is
Fðx;rÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
2M2ðxÞ r
0j j2 þ traceðrÞ
3
þ jðxÞ
	 
2s
:
For this yield surface there are no kinematic constrains and the
expression of the strain rate potential reads (see Cazacu and Ione-
scu, 2006)Fig. 9. The fracture obtained with DVDS for N = 1 and the associated collapse ﬂow r for a
(right).CðxÞ ¼ S;
Uðx;DÞ ¼ jðxÞ
3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2M2ðxÞ
3
jD0j þ ðtraceðDÞÞ2
s
 traceðDÞ
0
@
1
A; ð33Þ
while on the rupture interface we have
Uðx;EðuÞÞ¼jðxÞ
3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
MðxÞ2
3
j½uj2þ 1þMðxÞ
2
9
 !
ð½u nÞ2
vuut ½u n
0
@
1
A:
ð34Þ
In the case of two sub-domains decomposition, the sub-domain x
and the rigid motion r are not correlated and the functional J1, of
general form (23), becomes
J1ðxÞ¼: min
r2R;Lðr1xÞ¼1
1
3
Z
oxnCS
j
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
M2
3
jrj2þ 1þM
2
9
 !
ðr nÞ2
vuut þr n
0
@
1
AdC
Fðr1xÞ:
We have tested two geometries for the Cam-Clay model. In the
ﬁrst one, we deal with the domain X depicted in Fig. 9(left), in
which the soil is in contact with a rigid foundation C0 and the
other part of the boundary is stress free (i.e. f = 0). As in the previ-
ous case the ﬂow is gravity driven, i.e. b = tb0 with b0 = (0,c)
which means that F 	 0 and LðuÞ ¼ c RX u2 dx. The fracture ob-
tained with DVDS for N = 1 and the associated collapse ﬂow is plot-
ted in Fig. 9 (left). Let us notice that in this example, the fracture
shape depends only on the domain X and on the non-dimensional
parameter M involved in the modiﬁed Cam-Clay law (chosen hereCam-Clay model. The soil is loaded by the gravity forces (left) and by surface forces
I.R. Ionescu, É. Oudet / International Journal of Solids and Structures 47 (2010) 1459–1468 1467to be M = 1.25). The values of the yield limit j, the gravity force c
and the characteristic length affect only the value of the limit load
k but not the shape of the fracture surface.
For the secondgeometry considered, the loadingprocess is differ-
ent. The domain X, depicted in Fig. 9 (right), represents a modiﬁed
Cam-Clay under gravity which has surface forces on the whole
boundary: C0 = ;,oX = C1. The ﬁxed forces concerns the gravity
FðuÞ ¼ RX b  udxwith b = (0,c), and the loading is done on the sur-
face forces LðuÞ ¼ RoX f 0  udx, with f0 = (0,j) on a part Cf of the
boundary, while the rest of the boundary is stress free (i.e. f = 0).
The fracture obtained with DVDS for N = 1 and the associated col-
lapse ﬂow is plotted in Fig. 9(right). In contrast with the previous
example, the shape of the fracture surface depends on the non-
dimensional ratio between the yield limit jmultiplied by the char-
acteristic length, and the body forces c (chosen here to be 1).
8. Conclusions
Discontinuous velocity domain splitting method (DVDS) is a
mesh free limit analysis method which focuses on the strain local-
ization and completely neglects the bulk deformations. It considers
the kinematic variational principle on a special class of virtual
velocity ﬁelds to get an upper bound of the limit load. This class
of virtual velocity ﬁelds, is constructed by splitting the rigid-plastic
body into simple connected sub-domains and on each such sub-
domain a rigid motion is associated. The discontinuous collapse
ﬂow velocity ﬁeld, has localized deformations only, located at the
boundary of the sub-domains.
Themain difﬁculty in constructing numerical approaches associ-
ated to DVDS is to propose numerical methods tominimize the par-
titiondependentplastic dissipationpower. Even if some resultshave
been obtained recently (see Bourdin et al., 2009) the ‘‘partition opti-
mization”problem is a new issue and the results arenot yet relevant.
All the numerical applications of DVDS presented here where ob-
tained by using a numerical technique based on a level set descrip-
tion of the partition and on genetic minimization algorithms.
In the case of the anti-plane ﬂow of a von Mises material, the
upper bound given by DVDS is exactly the limit load. This surpris-
ing mathematical result, obtained in Ionescu and Lachand-Robert
(2005) (see also Hassani et al., 2005), represents the mathematical
foundations of DVDS. The collapse ﬂow, or more exactly one of pos-
sible collapse ﬂows, is a rigid motion of a sub-domain. The associ-
ated deformation rate of the collapse ﬂow is localized on the
fracture surface, which is the boundary of the ﬂowing sub-domain.
Moreover, the fracture surface is very smooth (C2) in the interior of
the solid. If fracture reach the external boundary of the solid then it
crosses tangentially the velocity imposed boundary and it crosses
orthogonally the stress imposed boundary.
DVDS method has a very simple formulation for the in-plane
limit load problems associated to pressure insensitive plasticity.
The internal boundaries of the sub-domains are parts of circles or
straight lines tangent to the collapse velocity jumps. This fact
which is a consequence of the incompressibility condition, consid-
erably reduces the computational effort. That is why, DVDS, called
in this context block decomposition method, was intensively used
many years ago in the analytical developments of the limit loads
problems (see for instance, Hill, 1950; Kachanov, 1971; Salencon,
1983, 1994, 1997; Halpern and Salencon, 1987). DVDS was applied
to the two notched tensile problem of a von Mises material. This
problem, which is a popular benchmark test, was studied only
numerically till now. DVDS, compared with other recent numerical
computations, gives excellent results with a low computational
cost.
For the pressure sensitive plasticity models, even in the in-
plane conﬁgurations, the rupture interfaces have not simple shapes
and DVDS is not reducing to the classical block decompositionmethod. DVDS was applied here to the slope problem for a
Mohr–Coulomb material. In comparison with other methods DVDS
gives very good numerical results. DVDS was also tested for heter-
ogeneous materials. The computational effort of DVDS is almost
the same in the homogenous and heterogeneous cases. This is
not the case when one uses a ﬁnite element approach. Finally,
DVDS was illustrated with two limit load problems associated to
a modiﬁed Cam-Clay soil.Acknowledgements
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